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On a Certain Group of Isomorphisms, 

By John Wesley Young. 



Let G denote the non-abelian group of order p m (p an odd prime) which 
contains operators of order j? m_1 . It is the object of the present paper to discuss 
the properties and ultimately (§7) to determine the defining relations of the 
group of isomorphisms of G. The writer wishes to express his indebtedness to 
Professor G. A. Miller for helpful suggestions offered during its preparation. 

§1. — Combinatory Laws and Subgroups of G. 

The denning relations of G are* 

pp.- 1 = 1| Qp—i, Q-ipQ— pi+i""- 2 . 

If we denote any operator P a Q l> of G by [a, /?] , the product of any two opera- 
tors [a, /?] and [y, 5] is given by 

[a,/3][ y ,5] = [a + r -/?^- 8 , £ + *]; (I) 

by repetition we obtain 

[a , /?]» = [na — * n (n — 1) a(3p m -\ n@] . (II) 

In these formulae, the first number in the brackets is to be taken mod £> m- \ the 
second mod^. 

All the subgroups in G are abelian. Moreover, G contains just p -f 1 sub- 
groups of every order p\ of which p are cyclic (generated by [p m_ * -1 , x] , 
x = 0, 1, 2, .... ,p — 1) and one is abelian of type {s — 1, 1), except when 



* Burnside, " Theory of Groups of Finite Order " (1897), p. 76. 
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s—1* Since, by (II), we have [a, /?] p = [ap, 0], the cyclic subgroup of 
order jp*, generated by \_p m ~*~ l t 0] («<»i — 1). is contained in all the subgroups 
of order p s+1 ; it is therefore characteristic. The non- cyclic subgroups are evi- 
dently characteristic. Hence, G contains a characteristic cyclic subgroup of every 
order p s , when 1 < s <C m — 1 ; and a characteristic non-cyclic subgroup of everg 
order p*', when 1 <C *' <C w. . 

§2. — Defining Correspondence of any Holomorphism of G. 

Let the correspondence 

P ~ P a #", 

Q^pyp M -'Q\ [a£Omodp,0, y,3<_p], 

define an holomorphismf of G. Applying (I), (II) of §1, this assumption leads 
at once to the correspondence 

[a , 6] ~ [aa + {by — £ a (a — 1) a(i)p m ~\ ap + bh] , 

where [a, 6] is any operator of G. The product of the operators corresponding 
to any two, [a, &] and [c, cT\ , must be the operator corresponding to [a, 6][c, d~\ 
= [a -f c — bcp m ~ i , b -\-d] for all values of a, b, c, d. Calculating the expres- 
sions and equating the coefficients of a, b, c, d, we find the necessary and suffi- 
cient condition for this equality to be 

3 = 1 mod p . 

Moreover, it is readily shown that the assumption leads to a one-to-one corre- 
spondence. Hence, the correspondence 

0=\ P ~*' ( ? ,'\ ta$Omodp,p<p,y<p 

defines an holomorphism for any set a, ft, y; and every holomorphism of G is 
given by C. 

Hence, since a may take p m ~ 2 (p — 1) non-congruent values mod jp w_1 and 
ft, y each p non-congruent values mod p, the order of the group of isomorphism 
IofGisp m (p—l). 



* Burnside, loo. cit., p. 76. 

t The word " holomorphism " is used in place of " holoedrio isomorphism." 



208 Young : On a Certain Group of Isomorphisms. 

§3. — Analytic Expression for any Operator in I. — Numbers a, fl, <y giving rise 

to a Subgroup of I. 

Regarding /as a substitution group on the p m operators of Gr, any operator 
Si of 7 is completely represented by the expression 

S t = | [aoc, + {by, — i a (a — 1) a, ft) p m ~\ aft + 6] | , 

where the notation 

S=\IM,N]\ 

signifies that S replaces [a, b] by \M, If] . For every set (a it ft, y t ), S t repre- 
sents an operator of I. For a properly chosen system of sets, S t may be made 
to represent the operators of any subgroup of I. 

Let St in (a 1( ft, yj and S z in (a a , ft, y 3 ) be any two operators of I. Then, 
if $ S. z is an operator of the same kind in (oc 3 , ft, y 3 ), by calculating the expres- 
sion for S x S z in terms of (a 1( ft, y 1; a 3 , ft, y 2 ) and equating coefficients of a 
and &, we find 

2a 3 4- a 3 ft2> M - 2 = 2 ai a 2 + (2ft r , + a x a 2 (ft + ft» m - 2 mod^— 1 . (A,) 
ft = ft + a!ft modp, (A,) 

7s = /a + «2 yi mod p . ( A 3 ) 

In order that a system of sets (a i( ft, y t ) may represent a subgroup of 7, it 
is necessary and sufficient that, if from the system any two sets (a lt ft, yj and 
(a 2 , ft, y 8 ) be selected, the set (a 3 , ft, y 3 ) defined by (Aj), (A 2 ), (A 3 ) be in the 
system. 

§4, — Invariant Subgroups of Order p 3 and p % in I. 

The correspondence #(§2) shows that the characteristic cyclic subgroup of 
order p m ~* (§1) may correspond to itself in p m ~ 3 (p — l) ways; i. e., /contains 
as a constituent the group of isomorphisms of this cyclic group. The group of 
isomorphisms of a cyclic group of order p m ~ 2 being cyclic, I contains as a con- 
stituent the cyclic group of order p m ~ 3 (p — 1) , and hence an invariant subgroup of 
order p 3 . Let the latter be denoted by H 3 . Since H 3 leaves \ P p \ unchanged, the 
operators of H 3 are obtained from the general operator S t (§3) by restricting a t 
to values congruent to unity mod p m ~ 2 . Putting a t = 1 + a' i p m ~ i , any operator 
of H 3 is represented by 

3 S t = | [a + (aaj + 6y t - * a (a — 1) ft)i> m " 2 , aft + 6] | , 
[a'i<p, (3i<p, y t <.p]- 
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(It may be noted that the system of sets (a,', ft, y ; ) satisfies the conditions 
of §3.) 

Placing the coefficient of p m ~ s in 3 S t equal to A t , we way write the n th power 
of 3$ as follows : 

3 Sp = | [a + (nA t + \n{n- l)a^y % )p m -\ nafr + b]\. 

Hence s Sf = | [a, 6] | = 1 ; 

i. e., all the operators of H s (except identity) are of order p. Moreover H 3 is 
non-abelian. For we have 

A ' 3 Sj = | [a + (J, + A r + aft Yi ) V m ~\ « (ft + ft) + &] I , 

which shows that s $ and 3 ^- are not in general commutative. Hence, H s is the 
non-abelian group of order p s , all of whose operators (except identity) are of 
order p.* 

Hence also / is non-abelian. 

The characteristic non-cyclic subgroup of order p m ~ l is made by G to corre- 
spond to itself in p m ~ z (p — 1) ways ; I therefore contains an invariant subgroup 
H z of order p 2 ; H z being contained in H 3 is abelian of type (1, 1) , 



§5. — Invariant Subgroup H m of Order p m in I. 

By Sylow's theorem, i" contains a single subgroup of order p m ; let it be 
denoted by H m . To obtain a general operator m Si of t H m , we must find a suit- 
able system of sets (a ft, y t ) satisfying (AJ, (A 2 ) , (.4 3 ) of §3. 

Restrict a t to the p m ~ % values which are congruent to unity mod^>; 
( A x ) , (A 2 ) , ( A 3 ) are then equivalent to 

a 3 = a 2 a 2 + ft y z p m ~* mod p m ~\ 
ft = ft + ft mod p, 
y 3 = y x + y z mod p . 

Evidently (a 3) ft, y 3 ) is in the system for any choice of (a lt ft, j/j) and (cc 2 , ft, y % ). 
Hence the system gives rise to a subgroup of /; this subgroup is of order p m , and 

* Burnside, loc. cit., p. 82. 
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hence is H m We have then 

JSi = | K' + (by, — $ a (a - 1) p t )p» ~\ aft +b]\, 
[a t " = l mod^>, Pi<p, yi<p. 

If ft = y f = 0, the resulting jp m ~* operators are invariant in H m , as is read- 
ily shown by forming the product m Sj m S if where m S/ — \ [aaj 1 , &] j . Moreover, 
H m contains an invariant operator of order p m ~*. For we have 

js? = i w b > 6] i 

and if aj' = 1 -+- Tcp (k<ip),p m ~ z is the smallest value of n which will satisfy 
a(' n = 1 modp™- 1 . 

Further, H m contains no operator of order p m ~K For, we find 
m S? = | [aaf + (wS^ — £ na (a — l) ft + £ n (w — 1) aft yi)p m ~\ nafc + 6] | 

and if « = _p m -. 2 , m $" = l for every set (a?, ft, y*). 

Hence, J3^ is tfAe non-abelian group of order p m which contains an invariant 
operator of order p m ~~ z , and does not contain any operator of order p m ~ x . Its defin- 
ing relations are :* 

lf~ s =l, J*=l, K*>=1, K~ x JK=JIf-\ I l Jz=JI l , \K=KI X . 

It may be noted that m SJ makes every operator of G correspond to its o/' th 
power. In a previous paperf it has been shown that all such holomorphisms are 
invariant in the group of isomorphisms ; i. e., the operators m Sj are invariant in 
/, which also follows readily analytically. By another theorem in the same 
paper, it follows at once that they form a cyclic subgroup -5 m _ 2 of order p m ~ z in 
/; this agrees with the result already obtained. 

§6. — The Quotient- Group I\H m _ z . 

H m _ 2 leaves all the subgroups of G fixed. Regarding I/H m _ z of order 
P* (P — 1) as a substitution group on the subgroups of G, it is clear that I/ff m _ z 
must contain a transitive constituent T x of degree p on the p cyclic subgroups of 
order j) m _! . 7\ is doubly transitive ; for the correspondence 

P ~ i* Q ~ Q 

* Burnside, loc. cit, p. 78. 

t Transactions of the American Mathematical Society, Vol. Ill (1902), p. 189. 
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leaves \P\ fixed, while it transforms any of the other cyclic subgroups of order 
p m ~ 1 , \PQ\, into \P*Q\. Non-congruent values of a mod p give different sub- 
groups ; by assigning to a any of its p — 1 non-congruent values mod p, \ PQ\ 
may be transformed into any one of the remaining p — 1 subgroups. The order 
of T x cannot be p % (p — 1). since the order must be a divisor of p ! ; it must then 
be p (p — 1), since there is no doubly transitive group of degree p and order 
less than p (p — 1). Hence T x is a metacyclic group of degree p. 

Further, IjH m _ % must contain a transitive constituent T. 2 of degree p on the 
p non-characteristic subgroups of G- of order p. Reasoning similar to the above 
shows that T % also is a metacyclic group of degree p . Moreover, it is possible to 
leave the subgroups of order p m ~ x fixed, and still permute the subgroups of order 
jp according to a group of order p. Hence, I/JI m .-2 is obtained by establishing 
a (p, p)-isomorphism between two metacyclic groups of degree p . 

§7. — The Defining Relations of I. 
If we take 

J 1 =|[a + qp,6]|, J=\[a + bp m -*,b-}\, 

K=\[a + ia(a — l)p m -*, _ a + 6]|, 

then /, J, K satisfy the relations defining H m (§5). For, we have 
K~ 1 JK= | [o + (a + b)p m ~\ 6] | = JIf~ 3 

and the other five relations may easily be verified. 

Corresponding to every operator of order p — 1 in 1/ H m _ 2 , there is in / 
just one operator of order p — 1 . Let 

1% = I [«*> h 1 1 
be one of these, where a belongs to exponent p — 1 mod^> m_1 . Then, we have 

j r V7 8 = | [a + abp m ~\ 5] | = J\ 

Also I^KIz replaces \aa , h] by [aa + \ a {a — 1) ap m ~ 2 , — a + 6] . This is 
effected by an operator 

^ =|[a + (aa' s + \a {a - 1) fa)p m ~\ - «& + 6] |, 

«3, |&, being defined by the relations 

a/3 3 — 1 = 0, 2aa 3 + a — 1=0 mod p. 

27 
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We find readily 

S( = K* | [a + aa' z p m -\ 5] | = K*I?*"-\ 

Placing I X I 2 = I t , since I x is commutative with I % , J, K, we may write the defining 

relations of 1 as follows : 

pr- (p-D = i , jp — i, RPz=z\, Ij l JI z = J x , I$~ l K= KI$-\ 

Ij- X KI Z = K s l^- 3 (p - « K- X JK = JZf™ ~ 3 < *-w 

where x is any number belonging to exponent p — 1 mod j> m_1 , and where s, t are 

defined by the relations 

sx — 1 == 0, 1 j 

} mod p. 

2xt ■+■ x — 1 = 0» ) 
Cornell University. 



